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Abstract--An ensemble-average statistical method is used to calculate the overall effective mech­
anical properties of fiber-reinforced composites with interfacial cracks. The cracks here are specifi­
cally the fiber-matrix interfacial cracks which occur during the manufacturing process or are from
inherent material defects. The problem starts with the establishment of the Helmholtz equations
and boundary conditions followed by a full scale solution of the multiple scattering equations. Then
by considering the low frequencies limit and the statistics of randomly spatial distribution of the
fibers, a manageable homogeneous linear matrix equation is obtained. In a homogenized point of
view the macroscopic mechanical properties of the composite system are derived. The calculated
average mechanical properties include the overall effective shear modulus fJ., the average shear wave
phase speed B, and the average specific damping capacity '¥ of the composite system. The shear
modulus corresponds to the elasticity of the static state, while the shear wave phase speed and
damping capacity correspond to the viscoelasticity of the dynamic state of the composite. The
results show that, among others:

I. the fiber-reinforced composites with interfacial cracks are transversely anisotropic material
systems possessing viscoelastic behavior

2. the axially shear modulus of the composite, as the half crack length (0) increases, is in a
'decreasing steps' fashion for which finite numerical jumps exist between those steps

3. for a fiber-reinforced composite with interfacial cracks, the composite system with 1/2n half
crack length is the least attenuated and is nearly transversely isotropic

4. the composite is a non-dispersed material system in low frequency ranges. ID 1998 Elsevier
Science Ltd.

I. BACKGROUND

Wave propagation methods, among others, can be used to calculate the mechanical
properties of a composite. The fiber distribution of a fiber-reinforced composite is either
periodic or non-periodic, In our study, we concentrate on the cases where the fiber dis­
tribution is non-periodic and random. For random distributions, many studies have con­
tributed to the calculation of a composite's effective overall mechanical properties by the
use of the multiple wave scattering method combined with the statistical-average technique.
(Bose and Mal, 1973; Bose and Mal, 1974; Datta et ai" 1984; Yang and Mal, 1994). These
models assumed perfect bonds between the fiber and matrix. Theories for waves in a
variety of debonded situations have also been studied extensively. Waves in materials with
interfacial cracks between two different phases are of interest in many applications, e.g"
welding, nondestructive evaluation (NDE) and earthquake studies. Solution techniques
include an integral equation method (Krenk and Schmidt, 1982; Neerhoff, 1979; Angel,
1988) and a perturbation method (Coussy, 1984; Coussy, 1986a). A more straightforward
approach by Yang and Norris (1991) is the employment of the Helmholtz equations and
Bessel functions subjected to the relevant boundary conditions, Elastic wave propagation
in composites with the presence of imperfect bonding has been studied by many researchers,
with various solution techniques and points of emphasis (Angel and Koba, 1993; Aboudi,
1988; Mal et al., 1991; Coussy, 1986b).

In this study, we adopt the method used by Bose and Mal (1973) combined with the
approach by Yang and Norris (1991) in dealing with the bonding situations. For simplicity,
we assume an idealistic situation where all fibers in a composite have the same radius and
bonding situation, The bonding situation is determined by the half crack length, 15, and the
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orientation, 0(, of the crack face. For a more realistic composite, not only the fibers are
distributed statistically in space. The crack for each fiber, for a damaged composite, is also
statistically distributed but crack orientation, 0(, is maintained. It will be more math­
ematically involved if the crack distribution is considered for our case and will be studied
in the future. The approach we use is straightforward but mathematically rigorous. Starting
with the series solutions, i.e., the Bessel functions, of the wave equation, we seek to obtain
the scattering coefficients as functions of the geometrical and crack parameters and as the
dynamic response of the waves in the composite. The scattering coefficients thus obtained
are functions of themselves and of all the parameters involved. By performing the asymp­
totic analyses and, through the statistical averaging procedures, assuming the existence of
an effective plane wave, a system of simultaneous linear equations emerges. Both the static
property (shear modulus fJ.) and the dynamic properties (shear wave phase velocity Band
specific damping capacity \fI, a measurement of waves attenuation) can be deduced from
this matrix equation. The average properties thus obtained are generally complex numbers
for the dynamic case and real numbers for the static case. For the dynamic case, the complex
numbers of the mechanical properties correspond to the viscoelasticity of the material. And
the real numbers for the static case correspond to the elasticity of the material.

2. BOUNDARY VALUE PROBLEM

2.1. Single fiber scattering
Consider a matrix-single-fiber composite where the interface of the fiber and the matrix

has a debonded crack length of 2(); radians. The center line of the fiber crack face has an
orientation of angle of ({>i radians away from the horizontal radius line of the fiber as shown
in Fig. 1. The location of the fiber 'i' and a field point of interest as referenced to the center
of the fiber are expressed by the polar coordinate system. The radius of the fiber is 'a'.
Throughout this study, the material properties associated with the matrix will be denoted
as '1', and those associated with the fiber will be denoted as '2'.

Let an antiplane plane shear displacement wave, eik,(xcosflo+y,mOo), be incident upon the
composite. The shear incident wave is time harmonic with a frequency of w. The time factor,
e- iw1

, will be omitted because of the steady state of the dynamics. Then the displacement both
in the matrix and in the fiber can be written as

(I)

where uin is the incident wave, Ul,i is the scattering wave in the matrix from the fiber i, and

Harmonic incident
displacement waves

e ik I (x cos 9 0 + Y sin 9 0 ) r·

E)Q

Transversely anisotropic \
direction a-f1-¢

~
R

<I>L.--'---CO-r- X

Fig. I. Schematic representation of the incident shear displacement waves and the polar coordinate
of the fiber 'i' in the composite system.
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U 2 ,1 is the scattering wave inside the fiber. The incident wave, u'", and the scattering wave,
Ul,i and U2,i, are solutions of Helmholtz equation:

They can be expressed as the series representation of Bessel and Hankel functions:

00

u ln = e lk ,R,C05(<1>;-On) L i'"Jm(k
l
r;)el",(ei-en)

:{)

UJ,i = L AmiH",(klr;)ell1l(Oi-On)
nl= -,y.)

.Y;

U2,i = L BnllJ",(k2rJelni(O,-Onl. (2)

In eqn (2), k l is the wave number in the matrix, k2 in the fiber. The coordinate system (r l , 8;)

is referred to the center of the fiber i. Note that k l = W/Ph k2= W/P2, PI = Jill/PI'
P2 = J 112/P2 where P is the wave speed, 11 is the shear modulus and P is the material
density. From the stress boundary condition on the matrix-fiber interface:

(3)

Substitute the relevant terms into the above and simplify,

For displacement boundary conditions:

(4)

{
(U,"+UI,I-U2Jr,~" = I1Uh

(U"I +UI,,- U2Jri~a = 0, other
(5)

where I1U, is the dynamic crack opening displacement (COD) of fiber i. From elasticity,
the COD must be satisfied by the crack edge condition. Let x be the amount of radians of
angle measured from the center line of the crack face, x being positive if it is measured
counterclockwise, negative otherwise. Thus from Fig. 1, x = °corresponds to the center
line of the crack face, x = ± 1 to the broken lines indicated, Obviously, x can be expressed
as x = 81- cp;/<),. It can be shown (Neerhoff, 1979) that the order of magnitude COD around
the crack edge decreases proportionally as 0(e I2

), where I -Ixl -+ I;, Apparently I: denotes
the proportion of crack arc distances from some point to the edge of the crack. Since the
Chebychev functions of the second kind VnCx) (see Appendix A) decrease proportionally
as 0(fy2) when I -Ixl -+ 1:, i.e., when near the crack tip, it is reasonable to use Vn(x) as our
base function for the series expansion of COD. The COD, I1UI(I1;), can then be expressed
as

I1Ui (O,) = L P,JPn.J8J
11=1

where Pn.i is the coefficient of the COD series and

(6)
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n = 1,2,3 ... (7)

Substitute the relevant terms into the displacement boundary condition and simplify

. ein(8o - cp) en ,

e'k,R,Cos('t',-8o)inJ (k a)+A H (k a) = B J (k a)+ ~-- L fJin+IJ.( -nD) ntoO
n 1 nI n 1 m n 2 2n n' = 1 n ,I n f ,

(8)

Combining eqns (4) and (8) for m to 0 yields

2i F, J' (k a) ,x]

B = ---"" + m 1 im(Oo-rp,l"" a. ,'n'+IJ ,(_ D,)
"" k D 2 EeL.... Pn .,1 n m"n la m m m ,,'~l

(9)

and for m = 0,

Eo
A o' =-Fo, Do '

(10)

where

Em = zJm(kla)J~.(k2a)-Jm(k2a)J~.(kla)

Dm = Jm(k2a)H;"(kla)-zJ~,(k2a)Hm(kla)

The f3 terms in the above equations can be solved by requiring that, at fiber i, the stress on
the crack face is vanished. Therefore, at fiber 'i',

(11 )

Substituting (2) into the equation above yields

Substitute B terms from (9) and (10) into the above equation and multiply both sides by
cPmC8J, m = 1,2,3 .... Integrating with respect to (Ji from - Di+!.pi to bi+!.ph we get
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'xc J' (k a)J' (k a) 00

- '" pIp 2. im+1J ( b) '" f3 ·in+1J (- b). (13)L. 2 2£ m P I L. n,' n P I

p#'O P p n= 1

Simplify further and rearrange, and we get the matrix equation in f3 as

where

Q .=(~J'(k )(_l)m+J~(kla)(_I)m+l)b?J~(k2a)b b
m",1 k 0 2

a D 2 4£ 1m Inn la 0 m 0

00 J' (k a)J' (k a) ]_ 'm+ I '" pIp 2 J (_ b)J ( b)
I L. 2 2£ "P 1 m P I

p#'O P p

[
b

XC
2i ] iN·= J'(ka)-'-b +"'J'(ka)e-iP(Oo-rp,)-J (pb) __(_I)meikIP;COS(<I>i-OoJm,' 0 2 DIm L. p 2 D m , k '

mOp#,() pP n la

(14)

Note that bm;s are the Kronecker delta. The f3 terms can then be solved numerically in light
of the above equation. Equation (14) can be simplified further for the quasi-static case, i.e.,
when the wave length is large compared with the fiber radius. In this case, it is reasonable
to assume that both k1a and k 2a are small compared to I and that the order of k,a and k 2a
are approximately the same. Therefore if the wave length is large compared with the fiber
radius,

and

(15)

It is apparent that the order of f3 terms are O(k1a) in the quasi-static case, judging from the
equations above.
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2.2. Multiple wave scattering
For a composite in which there are N fibers embedded in the matrix, the effect of

multiple wave scattering should be considered. The scattering coefficients Ami and B mi for a
multiple scattering case in egn (2) are the same as in the single fiber scattering one, except
that Fmi terms should include the multiple scattering effects. Thus for the multiple wave
scattering case, the displacement both in the matrix and in the fibers is

Ui = jUin+itlU1.i>

U2,h

ri > a

ri < a

(16)

Introducing the stress and displacement boundary conditions for all the fibers, we have, for
each fiber i and if m i= 0,

2i F, ]' (k a) , W

B = __ -.!'!!.+ m 1 ,m(OO-<Pi) '\ R.,·ni'+lJ.( __ ~.)
mi k 2 e 1... Pn .,1 n mv,

n 1a D m mEm k' ~ 1

~]' (k a) ,~

Fn
"

, = eikjRiCOS(<1li- 00)lom _~__ eim({}o-(Pr) '" n, .1011'+ 1J .(-m~)

2 E 1... Pn., n Vi
nl 111 n'= 1

Ifm = 0,

lV ",. E
+ '\ '\ m+n F in(O, -Oo)H (k )L 1... -- n+n,je /} II lrij'

j#-in= Xj D m + n

Eo
A o' = -Fo'

, Do '

7]' (k a) Ny E
F . = eik , Ricos(<I>i-IIO) - ~ 0 2 R, 5+ '\ '\ --"-. F ,ein(Ou-Oo ) H (k r,)

0, 4E P 1.,< , 1.... 1.... D n,/ n 1 '/ •
o /=!=-II1= -(f_, n

(17)

(18)

3. STATISTICAL CONSIDERAnONS

3.1. Random distribution of thefibers
The geometrical parameters that affect the distribution probability of the fibers in the

composite consist of the number of the fibers per unit volume, nIb and the radius of the
fibers'a'. Other than these two factors, a statistical parameter, .1'/, needs to be determined.
For simplicity, the statistical distribution is only limited to the distribution of the fibers in
the composite. Other parameters which in practice may be statistically distributed in the
domain of interest include the half crack length, b, and the orientation, IX, of the crack face
of each fiber. A mathematical model to accommodate the cracks distribution, if possible in
a limited fashion, will be studied in the future. For simplicity, we assume all interfacial cracks
possess the same orientations and half crack length. The following statistical treatments are
similar to those in Bose and Mal (1973), except that the correlation term is defined with
more explicit geometrical information.

The domain we consider is physically a three-dimensional space. But throughout this
study, the derivation involves only two dimensions (polar R - <1» due to the fact that the
fibers are unidirectional and that the shear component of the quantity concerned (the 'z'
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direction component) is a function of the other two coordinates. Thus vector R is appro­
priately regarded as R i = (Rj>l1l i), where the polar components are in a global sense in the
composite domain. For a uniform composite for which the fibers are randomly distributed
in the matrix,

p(R,) = p(R;), 1 ~ i ~ N

p(R2 1R 1) = p(R i I R), 1 ~ i,} ~ N, i-:/=}

p(Ri> R2 ,···, RN) = p(Rdp(R 2 , R j , ••• , RNIR 1)

= p(R I )p(R2 IR 1)p(R3 , R4 ,···, RNR" R2 )· (19)

The first equation of (19) states that the probability that a fiber is located at R i is equally
probable for all randomly distributed fibers within the domain of the composite. The second
equation states that the conditional probability for any two concerned fibers is all the same.
The third equation is a generalized expansion of the joint probability of all the fibers
concerned. Therefore, as the probability density is normalized and the area occupied by a
fiber is neglected in a sufficiently large domain, p(R,) should be equal to lis, where s is the
cross sectional area of the composite domain. For definiteness, we have

fp(R;) dr, = f~ dr, = ~fdr i = ~ x s = 1.
\! V V S

(20)

The above equation states, indeed, that the probability that a fiber i exists in the composite
domain is equal to 1.

3.2. Simulation of the correlation function
Considering the conditional probability p(R2 1 R1). For r l 2 (the distance between fiber

1 and fiber 2) --> 00, the probability that fiber 2 exists at an infinite distance away from fiber
1 is the same as the probability that any single fiber exists in the composite without
considering any other fibers, which is lis. Yet for r'2 ~ 2a, p(R2 1 R,) = 0 because of the
non-penetration condition of fibers. For the case where the fiber radius is smaller and the
number of fibers per unit volume no larger, it is more likely to find another fiber at a given
distance away from an existing fiber. This corresponds to the steeper slope of the correlation
curve in Fig. 2. Accordingly, the correlation probability p(R2 1 R1) can be simulated as an
exponential function of r'2' Thus

=0, r'2~2a

1/s

2a
Fig. 2. Simulation of the correlation function.
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The above is usually referred to as 'well-stirred' approximation (Datta et al., 1984) which
is not valid for high concentration of scatterers. For a large sample, or for a large domain
of the composite, R -+ e2a

!(a/no)" due to the fact that the number of fibers surrounding the
existing fiber is small compared with 'N, the number of fibers in the composite. Note that
the statistical parameter's,' needs to be determined statistically. Finally the normalization
requires that

4. AVERAGING TECHNIQUE

4.1. Indistinguishability offibers and quasi-crystalline approximation
From the third equation of (17) and that of (18), Fmi is a function of f3 terms and

themselves, in addition to the geometrical information and the dynamic input of the
composite system. It contains the scattering information associated with each fiber 'i' and
the geometrical relations with all the fibers other than fiber 'i'. Therefore, it is the quantity
on which we perform the averaging process in order to gain an overall effective material
property for the composite system. The rationale for performing the averaging process is
based on the fact that (1) all the fibers are indistinguishable from a random point of view,
as stated in the first two equations of (19); (2) the multiple scattering in the composite
system is the dual combination of the coherent waves and incoherent waves. Apparently,
the averaging material property is the overall effective quantity due to the coherent waves.
And the coherent waves in the composite are the non-constructive part of the multiple
scattering waves in the composites. Throughout this study, elasticity is the only mechanism
involved before the averaging process is performed. After the averaging process, the con­
tribution from the incoherent waves is lost in the calculation of the effective property of
the composite. Hence, the viscoelasticity emerges as the end result to reflect the fact that
part of the multiple scattering energy, i.e., those of the non-coherent waves, is lost.

Therefore due to the indistinguishability of the fibers, one can choose any fiber to
investigate the expectation value of Fmi without loss of generality. Thus, for fiber' 1',

N ex:;,

+ '\' '\' F H (k r .) einrOlj-lIo)L. L. l1J 11 I I} •
j=2n= -00

m #0

(21 )

First, take the conditional expectation value of Fmh i.e., <Fm ,>" in light ofeqn (21). The
conditional expectation value of a function/is defined as

<I>, = r.. fijJ(R 2 '" Rn IR,) dr2 ... drn

<1>12 = r.. fIP(R, ... Rn I R" R2 ) dr, ... drn (22)

where <I> I is when the information (location in our case) of scatterer '1' is given, and <I> 12
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is when the information of scatterers 'I' and '2' are given. Using eqn (22) and the correlation
probability defined in the 'well-stirred' approximation, (21) becomes

In obtaining the above equations, the indistinguishable property of (19) is again used for
the third term of the right hand side of both equations in (21). In addition, the quasi­
crystalline approximation

is employed and a large sample condition is considered.

4.2. Extinction theory
The extinction theorem states that the incident wave is vanished upon entering the

composite (Bose and Mal, 1973), or that the incident wave is canceled by waves generated
at the boundary (Waterman and Truell, 1961). By applying this theorem, we appeal to the
physics, not the mathematics, of eqn (23). The setup of the boundary value problem at the
beginning of this treatment is the initial step for gaining the multiple scattering information
inherited by the presence of the fibers and cracks. Once the scattering formula is established
(eqns 17 and 18), statistical-averaging techniques need to be introduced to obtain the
overall effective property of the composite system. By doing this, the energy of incident
waves is assumed to 'transform' to the scattering waves in the system and all the scattering
waves traveling to the infinite boundary of the system are canceled by the incident wave.
Thus in eqn (23) the quantities associated with the infinite boundary of the composite, i.e.
the upper limit of the integral term on the right hand side of both equations, are canceled
by the incident wave. Finally assuming the existence of an average wave such that
<Frn ), = i rnFrn eiKR,cas($,-lIo), where K represents the overall effective wave number in the
composite system, eqn (23) then becomes

• 'KR (~ (J) -zJ;n(k2a) , «) ) ~ I
l rnF e' ,cas w, - 0 ~ elf" o-<P, 1... <f3 ) {"+ J (-m/5 )

rn 2mE
rn

n~l n.1 I n I

'KR . ,~ II). LOX> Ern + n [a ( a+2nn e' ,cas(w,- 01'" --F J (2Ka)--H (2k a)
o D n+m k 2 0 n "''' I

n~ -OX> rn+n I -K- oa

- Hn(2k 1a) :-;;In(2Ka))- fa e2a-r,,!(a/no)'Jn(Krj 2)Hn (k jrdrl2 dr j2 ]. m i= 0

-zJ~(k2a)Fo e'KR[cas($, -.(10 ) ~ /5 /f3 )
4E

o
I. 1.1 I

- Hn(2k I a) :a I n(2Ka) - ro
e2a - r12 !(a/ro)"Jn(Kr j2)Hn(k I r j 2)r 12 dr j 2J. (24)

,; 2a
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5. CONSTRUCTION OF THE LINEAR SYSTEM OF EQUATIONS

5.1. Asymptotic analyses
If eqn (24) is to be mathematically manageable an asymptotic analysis is desired. We

resort to the fact that, for wave length large compared to the radius of the fiber (low
frequencies waves), the Bessel functions can be approximated as a power order of k,a,
i = 1,2. Therefore by approximating the Bessel functions in the low frequencies regime, the
F terms are assumed, based on eqn (24), to have order of Fa ,.... 0(k1a)'-1 and Frn ,.... 0­
(kla)Hrn l

, where tis 1 according to eqn (15) for the order of the quantity of 13 terms. The
statistical average of 13 terms in (24) can be obtained by requiring that the stress on the
crack face of each fiber is vanished. Thus bear in mind that in using equation (13) for the
vanished stress on the crack face, the F terms are referred to as in equations (17) and (18)
for the multiple scattering case. Performing the low frequencies analysis on (13) and
considering the order of magnitude of the F terms in the previous statement, we get

00 00 J (pJ)J (pJ )
L L rn 1 n i in+l((-l)rn+(-IY)f3n,i
n~ I p~ I P

(25)

Note that in obtaining (25), IX = ()a-<Pi (defined as the transversely anisotropic direction)
in the above equation and the first term on the left and right hand side of (13) are neglected.
Equation (25) can be rewritten as [QrnnJ {f3nJ = {NrnJ where

00 J (pJ)J (pJ)
Qrnn,i=in+I[(-I)rn+(-I)"]L rn In 1

p~1 P

II - II en J (pJ) (k a)p
N . = 4_""2_,,,,_1 '" _m__l ~- [(_l)p+m ip"F .- -ip"F.J

rn.l L., 2 e -- pi e pi .
/12 +/11 p~ I p.

(26)

Take the conditional statistical average of the above equation and consider the fact that

<F). = iPF eiKR,cos(<1>,-Bo) yields
pI I p ,

<13 ·) = ~ (~q X )i-PF eiKR,cos(<1>j- Oo)(k a)P
n,l I ~ L. nnt./ mp -p 1

p~1 rn~l

where

[qnrn.J = [Qrnn.J- 1

X
rnp

= 4 /12 - /11 Jrn(pJ,) ( _l)p+rn e ip>

fl2 + fll p!2P

Ymp = 4 fl2 -/11 Jm(pJ i)( -l)e- ip,.
fl2 + fll p!2P

(28)
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It will be beneficial, as will be seen later, to transform the F terms to a new set of
quantities. That is, we let

Fo = Fo x (kja) '" O(kja)'

Fp = Fp x (kjaY ~ O(k,a)'

F_ p = F_ p x (k,aY '" O(k]a)/.

Note that 'p' in the above equation is a positive integer. Thus the orders of the F terms are
asymptotically the same and (27) becomes

<a.) = ~ (~q X )i-PF eiKRjcos(<1>,-Oo)
!In,l I L.. '-' nm,1 mp -p

p=l m= I

XJ ( '0 )+ " "q ·Y iPF eiKRjCOS(<1>j-Oo)(k a)PL.. L. nm,! mp p ·1 .
p= 1 m"~ 1

(29)

Substituting (29) to (24) and considering the low frequencies limit, we get a homogeneous
linear equations in F. For m ): 2,

In obtaining the above equation, the positive and negative of m in the first equation of (24)
need to be considered separately. Also note that the second term of the right hand side of
both equations in (24) is neglected in obtaining (30). For m = I,
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(31)

For m = 0, the first term in the second equation of (24) is neglected, therefore

For m = I,

00 ( 00 ) 'n-I n] . _ [ cUo K ni ] _x I L qnm,.,xm'\ 1 In((j;)( -I) X F_ 1 + 2 k + 2,cuoI] Fo
n~l m~l (K) I1- --

k]

Note that in (31), (32) and (33)

P2
Uo = --I

PI

(32)

(33)
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1- 1t2/It,
U 1 =

l+lt2/ltl

In = fO e2a -(x/k,)/(a/no)-"Jn(: X) Hn(x)xdx, n = 0, 1,2.
2k 1a I

1437

(34)

The In terms in the above equation must have magnitude of order equal to or less than 0(1)
in order for the asymptotic analyses to be applicable. Thus eqns (30), (31), (32), (33) form
a homogeneous linear equation system in P. By stipulating that the coefficients of P terms
form a linear matrix and that the determinant of the matrix is equal to zero, the quantity
of K/k, can be evaluated.

5.2. Computational technique
The determinant formed previously, by performing column and row operations

(addition, subtraction and multiplication) for the elements of the determinant, a simple
equation emerges as the following:

(35)

The numerator of the right-hand side of the above equation is a (2m -- 1) x (2m - 1) deter­
minant and the denominator is a (2m x 2m) determinant. More specifically, the a's in the
above are all sub-elements structure (see Appendix B for the list of a's)_ The overall effective
wave number Kin eqn (35) is a complex number, i.e.,

K = Re(K) + i Im(K)

where Re(K) = w/B, and B is the overall effective shear wave phase speed in the composite.
Note that a measurement of wave attenuation in the composite is the specific damping
capacity, which is defined as '¥ = 4n(Im(K)/Re(K).

A Fortran program was written to perform the computation of (K/k,)2 in (35). For
the static case, the probability correlation terms In are vanished. The normalized wave
number (with respect to the material property of matrix) in (35) can be transformed to
obtain the normalized shear modulus. The double summation in the computation of
elements of a's (Appendix B) needs to be carried out for the same number of terms (for
our case, we give each summation 30 terms). And for the Q's terms in (26) to be definite,
ten-thousand terms are used for the case where the crack length is larger than 0.0 I degrees.
For crack lengths less than or equal to 0.01, we resort to the analytic calculation which
follows.

When b is small (b ~ 0.01) the summation of Q terms in the second equation of (26)
can be rewritten as

f Jm(pb)Jn(pb) = f !m(pb)Jn(pb) b.

p~' p p~' pb

Let b -> Ax, a differential form of x, then pi) = Xi- The above summation then becomes
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(36)

Using the Weber-Schafueitlin formula (MacLachlan, 1934), the integral in (36) can be
written as

1
:2(n+m), (n+ 1), (37)

where r is the Gamma function and F is the hypergeometric function

{
rxfJz rx(rx+l)fJ(fJ+l)z2 }

F(rx,fJ,Y,z) = 1+1!Y+ 2!y(y+1) + ....

Note that F is one of the solutions of Gauss's equation

d2y dy
z(l-z) - + {y-z(rx+ fJ+ I)} - -rxfJy = 0, and that

dz2 dz

rcy)rcy-rx-fJ)
F(rx, fJ, y, 1) = r(y -rx)rci' - fJ) .

(38)

(39)

Using eqns (36), (37) and (39), we find that if the crack length is small (b ~ 0.01 in our
program),

~ Jrn(pb)Jn(pb) brnn
f....,---.-----

p= 1 P 2n .
(40)

For the dynamic case, where the frequencies of the incident wave are such that kJQ is
less than 0.1 in our program, an iterative scheme needs to be employed. Because the In
terms in (31), (32) and (33) contain, in the integral in the last equation of (34), the K/k l

variable, eqn (35) cannot be solved explicitly. Hence an iterative method is used starting
with the static value of K/k 1• Substituting the static value of K/k 1 in the last equation of
(34), initial values of In are obtained. Then using these initial values for (35), we can get
the initial value of K/k l • Following the same procedures, converging values of K/k J is then
obtained.

6. NUMERICAL RESULTS

In our program, we test the applicability of a composite material in which the fibers
have stiffer shear modulus and lighter weight than the matrix does (fJ.1 = 1.28 eJO Pa,
fJ.2 = 8.08e lO

, PI = 801 Kg/m3
, P2 = 234.7 Kg/m3

). The two extreme debonded situations
are when there is no crack (b = 0) and when the fibers are totally debonded from the matrix
(b = n, regarded as the case when the space occupied by the fibers is void). For these two
extreme cases, the resultant computational shear moduli from our program coincide with
those obtained by Hashin and Rosen (1964). Obviously, these two extreme cases render
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transverse anisotropy properties for various cases of fiber vol. fraction at 1/41l half crack length.

the composite system as transversely isotropic. When the fibers are partially bonded, the
composite system becomes transversely anisotropic as can be seen in Figs 3, 4, 5 and 6.

The computational quantities obtained using eqn (35) are normalized wave numbers
and are generally complex. In the static case, the magnitude of the imaginary part of tl/tll
(obtained from the normalized wave number K/kd is extremely small compared to that of
the real part. This granted us the justification that, for the static case, the shear modulus is
a real number and it corresponds to the elasticity of the composite system. While for the
dynamic case, the magnitude of the imaginary part of tl/ III is significant compared to that
of the real part and it corresponds to the dissipative part of the composite system. Only the
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fact that, for some ranges of half crack length, the calculated shear moduli, the shear wave
phase speeds and specific damping capacities are negative numbers or extremely high
conflict with the physics of the composite system (Figs 7, 8, 9 and 10). These 'jumps' occur
in some particular ranges of half crack length for a variety of cases. As it turns out, the
increase of the number of summation terms in our program does not change the resultant
magnitude ofinterest associated with the jumps (in other words, the converging is achieved).
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Therefore the mathematical facts of these 'anomalies' are confirmed and those jumps are
finite.

An interesting phenomenon of the transverse anisotropy of the composite system is
that it is less pronounced near three ranges of the half crack length. Two of them are,
expectantly, near (5 = 0 and (5 = n. The other one is near, surprisingly, (5 = nl2 (Fig. 3).
Another factor that affects the transverse anisotropy of the composite system is that of the
fiber volume fraction. As expected, the less the fiber volume concentration, the less aniso­
tropic is the system. Observing Figs 4 and 7, if the fiber volume fraction is small, then the
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quantity of /llj.tl will be near 1 and the function line will tend to be 'flat' and near 1. While
for higher quantities of'c', the /ll/ll curve will be increasingly less 'flat' and the value of it
farther from 1.

Observing Figs 7, 8 and 9, the shear moduli and the wave speeds are decreasing in a
step-by-step fashion. For each step, the function line is generally leveled before it reaches
the jump area. The same feature occurs for the damping capacity in Fig. 10, except that the
minimum quantity of the damping capacity occurs at the middle step where 1/211'. half crack
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length locates. In Fig. 7, the jumps, given a fixed anisotropic direction iY. = 0, occur at the
same ranges of half crack length for various fiber volume fraction. Figures 8, 9 and 10
show that the jumps locations are generally different for different anisotropic directions.
Interestingly, the numerical jump regions always occur near one or more of four half crack
length regions, i.e., 11/50n:, 19/50n:, 31 /50n: and 39/50n:.

The influence of fiber volume fraction ('c') on the normalized shear modulus, as can
be seen from Figs 4 and 7, has different trends for different ranges of half crack length and
anisotropic direction. Roughly, there exist 'critical pairs' of b and x that the quantity of
Il/Il, stays approximately constant for any 'c' (as long as 'c' is low--c ~ 0.25 is sufficient
for our case), More specifically, in Fig, 7, a normalized shear modulus of approximate
magnitude of I exists when iY. = 0 and b is near 28/50n:. Two other critical pairs of iY. and b
exist in the 'jump area' where different constant quantities of Il/III exist. This means that
the shear stiffness of a composite system, with zero anisotropic direction and b ~ 28/50n:,
stays constant for any fiber volume fraction if c ~ 0.25. Similarly in Fig. 4, two critical
pairs of band iY. (b = 1/4n:, iY. near 12/50n: or 38/50n) render a normalized shear modulus of
approximately 0.94 for 0.075 ~ c ~ 0,25. This 'critical pair' phenomenon can also be seen
in Figs II and 12. In Fig. II, the influence of'c' on Il/III is in an inverse fashion for iY. = 0
and not for iY. = 1/6n:. Therefore we predict that, given a known half crack length of 1/3n:,
there exists an x between 0 and I /6n: where the magnitude of the fiber volume fraction (for
c ~ 0.25, at least) does not have any influence on the stiffness of the composite. Similarly,
in Fig. 12, there exists a b between 1/2n: and 1/3n: where the change of 'c' (for c ~ 0.25)
does not affect the shear stiffness of the composite.

The influences of anisotropic direction (x) and half crack length (b) on the stiffness of
the composite can be observed in Figs II and 12, respectively. Figure II shows that the
composite system is stiffer for larger anisotropic direction. And this is generally the trend
in Fig. 8 except on both end sides of half crack length. Figure 12 shows that, at (J. = 1/4n:,
the lesser the half crack length the stiffer the composite is. This generally reflects the fact
that the stiffness of the composite decreases as the half crack length increases (Figs 7
and 8).

For dynamic mechanical properties, Fig. 13 shows that the higher the fiber volume
fraction (we fix the quantity of the fiber radius and vary the number of fibers per unit cross
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sectional area) the more damping of the composite and the faster the shear wave phase
speed. Figure 14 shows that, given a fixed half crack length, the shear wave phase speeds
are roughly the same for various anisotropic direction. And the change of damping capacity
as a function of IX is an inverse relationship when b = 1/8n. In Fig. 15, the change of the
wave speeds, given a fixed anisotropic direction of IX = 0, also show the 'decreasing step'
fashion as a function of the half crack length. Also in Fig. 15, the damping capacity has
the lowest quantity in the middle section of b (where b is near 1/2n)-this reflects the same
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trends as in Fig. 10. Finally, from Figs 13, 14 and 15, the influence of frequencies (low
frequencies such that k1a < 0.1) on the wave speeds is non-existent, while it is significant
on the damping capacity. Therefore the composite system is non-dispersive and highly
viscoelastic in the low frequency range.
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7. CONCLUDING REMARKS

The material modeling of the composite system with interfacial cracks has been carried
out using straightforward yet rigorous mathematical treatments. An attempt is made to
characterize the overall effective mechanical properties of the composite system. For our
model, the computational results (normalized shear moduli) of the two extreme bonding
situations (b = 0 and b = n) are exactly the same as those obtained by the classical formula
(Hashin and Rosen, 1964). Our model demonstrates the transversely anisotropic properties
of the composite system and it confirms the transverse isotropy at the two extreme bonding
situations and at a low fiber volume fraction. In addition, it predicts the transverse isotropy
of the material system when the half crack length is near 1/2n. Further, the stiffness of the
composite (shear modulus p), as we increase the half crack length, is decreasing in a step­
by-step fashion from the state of perfect bonding (b = 0) to the state of totally debonding
(<5 = n). For each individual step, the quantity of p is generally leveled until it reaches the
jump region. Therefore, in general, the model predicts the weakening of the shear stiffness
of the composite as the half crack length grows in spite of the fact that there exists the
'jump anomalies'. The wave speeds exhibit the same general trend as the shear moduli do.
And the damping capacity, generally, has the lowest quantity in the middle section of half
crack length ranges (near b = 1/2n). In addition, the total debonding case has a higher
quantity of damping capacity than the perfect bonding one. Finally the model predicts the
composite system is non-dispersive in the low frequencies ranges. And the change of
frequency has tangible effects on the change of specific damping capacity.

In retrospect, our model does not claim to be quantitatively precise to predict the
behavior of the composite system, as the numerical jumps of the normalized shear moduli
clearly show. But more importantly the general trends of the calculated strength and the
dynamic properties are what we can take into account in designing or inspecting a composite
material system.
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APPENDIX A

The generating function of the Chebyshev polynomial (Arfken, 1970) is defined as

Tn(x)+ iVn(x) = [x+ i(l-x') 1i2]", Ixl:(; I

where

V,,+ ,(x) = ,j I - x' Unix)

Tn(x) is the Chebyshev function of type I and U,,(x) is the Chebyshev function of type II. Rewrite V,,(x) as

(AI)

(A2)

Note that for x -> ± I, V,,(x) -> O(JI- (1-8)') i.e., V,,(x) .-> 0(S"2) as x approaches ± 1. Let x = cos 0 in eqn
(AI), then

T,,(x) +iVn(x) = e'''". Therefore

Tn(x) = cosnO = cos(ncos-' x)

Vn(x) = sinnO 0' sin(ncos' l x).

Furthermore, let 0 = n/2 -IX. Thus x = cos 0 = cos(n/2 -:x) = sin:x. Accordingly

V,,(x) = sin nO = sin n(n/2 -:x) = sin(mr/2-n sin -I x) n = 1,2,3 ...

The following formulae are used to perform integration involving Chebychev function:

r"Jo e'cco,o cos nO dO = 27[inIn(z)

'"t eicoo,o sin nO dO = 0

The integration of Chebychev function is performed as the following

A. (0) I V (8'-<fJ') I. (nn . _IOi-<fJ,) - 1 f''.+~' . -,p(li,-O,,)
,+,,, , =~ n -~ =~Slll 2-nSlll ~' n-I,~,3 ... . .¢nlO,)e dO,

-'>,+<P

(A4)

(A5)

(A6)

(A7)
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let sin -I (}i- rp,/l5, = ,', then sin r = 0i- rpjl5" and dO, = l5icos-r' d,'. In addition let r = ,- nl2 then eqn (A7)
becomes

l5 I fn .'
= ( - I)"! 1 ei,,(O,,-,p,l ~ 4: -n e'P".CO"[cos(n- I), -cos(n + I)r] dr.

Summarily, the integration of Chebychev function is

(A8)

p=o
n = 1,2,3 ... (A9)

all"m =

APPENDIX B

all.Hlm all,ml

all

a ll ,22 a1L2]

alLlm a l 1,12 all,11

x ::l-
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